The program BABAYAGA is an event generator for QED processes at flavour factories, mainly intended for luminosity measurement of e + e − colliders in the center of mass range 1-10 GeV. Recently, the π + π − channel has been added as well. The relevant (photonic) radiative corrections are simulated by means of a Parton Shower in QED. The theoretical precision of the approach is estimated and some phenomenological results are discussed.
Introduction
The precise determination of the machine luminosity is an important ingredient for the successful achievement of the physics programme at the e + e − colliders running with center of mass energy in the range of the low lying hadronic resonances (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) .
One of the most important challenges is the precise measure of the R ratio, by means of the energy scan or the radiative return method. The aim is to reduce the theoretical error on the hadronic contribution to the vacuum polarization, which will reflect on the error of the anomalous magnetic moment of the muon a µ and the QED coupling constant at the Z peak α QED (M 2 Z ) [1] . Actually, the R measurement is going to become a precision measurement [2, 3] and it will give a stringent test of the Standard Model predictions.
In this perspective, a precise knowledge of the cross section for QED processes for luminometry, expecially for Bhabha scattering, and their Monte Carlo (MC) simulation are crucial. The theoretical accuracy should be better than 0.5%.
The theoretical approach in BABAYAGA
BABAYAGA [4, 5] is a Monte Carlo event generator for the simulation of QED and π + π − processes at flavour factories.
In order to achieve an accurate prediction of the cross sections of the QED processes, the relevant radiative correction (RC) have to be accounted for, and, in particular, photon radiation effects must be included in the calculation.
The QED Structure Functions
The corrected cross section and the event generation can be obtained according to the following master formula (see [4] and references therein):
The previous equation is used in BABAYAGA for the generation of the processes e + e − → e + e − (nγ),
The last channel has been recently implemented and, in this case, only photons coming from initial state are accounted for.
In eq. 1, the Born-like cross section for the process dσ 0 /dΩ is convoluted with the QED non-singlet Structure Functions (SF's) D(x, Q 2 ), which are the solution of the Dokshitzer-GribovLipatov-Altarelli-Parisi (DGLAP) [6] 
where P + (x) is the regularized Altarelli-Parisi vertex. The SF's in eq. 1 account for photon radiation emitted by both initial-state (ISR) and final-state (FSR) fermions. The SF's allow to include the universal virtual and real photonic corrections, up to all orders of perturbation theory. Strictly speaking, radiation in eq. 1 is collinear to the emitting fermions. It is possible to go beyond the collinear approximation by solving the DGLAP equation by means of a MC algorithm, the so-called Parton Shower algorithm (PS), which is discussed in the next section.
The Parton Shower algorithm
The Parton Shower is a MC algorithm which solves exactly the DGLAP equation (see references in [4] ) and it originates from an iterative solution of eq. 2
Sudakov Form Factor, where the soft and virtual RC are exponentiated. The Q 2 scale is not a priori fixed, but it has to be chosen in order to reproduce as close as possible the leading RC contributions coming from the exact order α calculation. For example, for the Bhabha scattering, a reasonable choice is Q 2 = st/ue, where s,t and u are the usual Mandelstam variables and e is the Euler's number.
The main advantage of this solution is that it keeps track of the number of the emitted photons and that their kinematics can be approximately recovered. Therefore, the whole branching event can be generated and the multi-photon emission can be exclusively simulated.
The generation of the photon's momenta has to be carefully considered. As suggested by eq. 3, when the PS generates photons, their energy is extracted from the Altarelli-Parisi vertex P (x), where x is the energy fraction remaining to the fermion after the photon emission.
In order to generate also the angular variables, different solutions can be exploited [5] , being those degrees of freedom integrated out in eqs. 2 and 3. The first possible choice is to weight the photon angles according to the leading poles which are present in the radiation matrix element. Namely, the photons' angles can be distributed according to the following formula
where p i are the momenta of the charged particles and k is the momentum of the generic photon. If eq. 4 can be a first approximation, it is not so accurate when photonic variables are looked at closer. In order to improve the exclusive photon generation, we can observe that in eq. 4 the interference effects between ISR and FSR are completely neglected, thus the fermions radiate independently.
The radiation coherence effects can be included if we consider the cross section for the production of n photons from a generic process involving fermions as external particles. Taking the soft limit and keeping all the interference terms, the resulting formula is
where k l and p j are photons and fermions momenta and η i = ±1 is a charge factor. The angular spectrum of the photons can be directly extracted from the eq. 5. This highly enhances the reliability of the PS also in the simulation of radiative events, as will be shown in section 4. An important point is the estimate of the physical precision of the PS approach. In order to give a consistent estimate, an O(α) PS has been developed as well, which calculates the corrected cross section of eq. 1 at first order in α in the PS approximation. By a systematic comparison of the the O(α) PS results to the exact O(α) matrix element ones, the PS precision can be estimated and, in particular, the size of the O(α) non-leading-log contributions missing in a pure PS approach can be quantified.
The hard scattering cross sections
The other ingredient entering eq. 1 is the "kernel" cross section, which is the Born-like cross section for the process evaluated at the reduced center of mass energy x 1 x 2 s. In BABAYAGA, the standard formulae for Bhabha, γγ and µ + µ − processes are implemented. For the π + π − channel, the pion Form Factor as parameterized in [7] is present. The hard scattering cross section includes also vacumm polarization contributions. It is worth discussing in some details how they are treated in the last official release of BABAYAGA (3.5).
The running of α(q 2 ) is given by
The lepton and top quark contributions (∆α l (q 2 ) and ∆α t (q 2 )) do not show any problem, being analytically calculable for any q 2 value.
The hadronic contribution ∆α (5) had (q 2 ) is calculated by means of the subroutine HADR5 [8] (which is now superseded by a new version). This subroutine is not suited to work in the q 2 time-like region below (40 GeV) 2 . As suggested by one of the authors [9] , the following solution was therefore adopted: in this q 2 region, the q 2 is flipped to −q 2 , in order to include at least the leading terms of the hadronic contribution to ∆α(q 2 ). Recently, a new version of the routine has been written [10] with an improved treatment of the resonances region (including new experimental data) and which is suited for any q 2 value. It has been preliminarly included in the program, showing a difference on the integrated Bhabha cross section at DAΦNE energies at a few per mille level. However, a deeper look is needed and will be carried out in the next future.
The benchmark calculation LABSPV
One of the crucial points to be considered is the estimate of the theoretical accuracy of the PS approach. In order to quantify the theoretical error, the independent program LABSPV has been derived from the code SABSPV [11] , which was extensively used for LEP luminometry. It is not a true event generator, but it is a cross section integrator.
In LABSPV, the exact order α matrix element is used, and the O(α)-corrected cross section is calculated according to the standard formula
where σ α S+V is the soft-photon plus virtual cross section, σ α H is the hard-photon emission cross section and k 0 is a soft-hard radiation separator, which the total cross section does not depend on. The code LABSPV calculates the cross sections for the Bhabha, γγ and µ + µ − (only for high energies, E c.m. ≫ m µ ) processes, using matrix elements and formulae which can be found in [12, 13, 14] . In the Bhabha and µ + µ − case, vacuum polarization is treated as done in BABAYAGA.
On top of the exact O(α) cross section of eq. 7, in LABSPV, higher order leading-log QED corrections in a SF approach can be also included, according to the relation
where σ α SF is the order α expansion of eq. 1 and σ ∞ SF is eq. 1. In LABSPV, the SF's are an analytical solution of the QED DGLAP equation [15] and are strictly collinear. Equation 8 can be further improved if cast in the factorized form
It can be shown [16] that in expression 9 the bulk of the α 2 L corrections (L is the collinear logarithm) are also taken into account, in addition to the exact order α and leading-log higher order contributions. As a consequence, the expected theoretical accuracy of this approach for cross section calculation can be estimated at the level of 0.1%.
Being used as a "benchmark", LABSPV has been compared to different independent calculations finding very good agreement. For example, in table 1, the total cross section for γγ is compared to the analytical results of [13] . 
Coherent Parton Shower
As discussed in paragraph 2.2, the photon angular generation can be performed in order to simulate also the ISR-FSR interference, which is neglected in a pure "leading-pole" generation. The coherence effect can be important when exclusive photon distributions are considered.
In fig. 1 , the photon angular distribution is shown for e + e − → e + e − γ events at √ s = 1.02 GeV, with 20
• < ϑ ± < 160
• , E ± > 0.4 GeV and E γ > 10 MeV. The leading-pole and coherent O(α) PS results obtained with BABAYAGA are compared to the exact O(α) distribution of LABSPV. The improvement of the coherence PS is evident. In fig. 2 , the distribution of the photon energy is plotted for the same sample of events. Even if the leading-pole PS already produces a good distribution, being the photon energy driven by the Altarelli-Parisi vertex, the coherent PS is better also in the tail of the energy spectrum.
A similar behaviour is found for the PS at all orders: in fig. 3 , the angular distribution of the most energetic photon as obtained by the coherent and the leading-pole PS at all orders are compared to the exact O(α) distribution (even if this is not fully consistent).
Theoretical error
The theoretical error of BABAYAGA for cross section calculation can be evaluated by comparing the O(α) PS to the exact matrix element of eq. 7. Actually, the main contribution to the error comes from the non-leading-log O(α) terms, missing in the PS approach.
In fig. 4 , the relative deviation between the inclusive Bhabha cross section obtained with BABAYAGA at O(α) and the exact matrix element is plotted as a function of the acollinearity cut, both for the leading-pole PS and the coherent PS. The imposed experimental cuts are √ s = 1.019 GeV, 20
• < ϑ ± < 160 • (top in the figure) or 50
• < ϑ ± < 130 • (bottom in the figure) , E min ± = 0.4 GeV.
From fig. 4 , it emerges that the error in BABAYAGA is at level of 0.5% or lower. It is worth noticing that for the coherent PS the size of the missing O(α) is almost constant as the cuts vary, while for the leading-pole PS it is not constant and it can become larger than 0.5%. For the Bhabha case, we can fix the theoretical error of BABAYAGA in the calculation of the QED corrected cross section at the level of 0.5%.
Higher order corrections
Aiming at a high precision calculation of the QED processes cross section, higher order contributions can not be neglected, expecially if a "bare" event selection criterium is adopted and almost-elastic events are selected.
The PS allows to include higher-order corrections in a natural way. In fig. 5 , the relative difference between the cross sections obtained with BABAYAGA at O(α) and at all orders is shown. The simulation has been performed applying the same cuts as in fig. 4 . As it can be seen, the higher-order contributions are quite large: they can change the cross section for an amount of 1 − 2%, depending on the cuts, and are there- fore important to achieve the desired theoretical accuracy. The higher-order impact can be also estimated with LABSPV, finding a good agreement. In the plots of figure 5 , the effect of the α 2 L contributions is also shown, estimated with LABSPV. They are negligible, being below the 5 · 10 −4 . It interesting to notice that multi-photon emission has a sizeable effect also on distributions. For example, in figure 6 the distribution of radiation energy, defined as E c.m. −E + −E − , is plotted and the O(α) PS is compared to the all order PS.
Other channels
BABAYAGA can generate also µ + µ − (nγ), γγ(nγ) and π + π − (nγ) final states, generating events according to eq. 1 and the PS algorithm.
For µ + µ − and γγ processes, a study as detailed as for Bhabha process to establish the theoretical accuracy has not been performed yet, but it is planned.
As a general consideration, it should be noticed that in the benchmark program LABSPV the fully massive µ + µ − (γ) exact O(α) matrix element is not present and therefore it is not reliable at low energies, where the muon mass effects become important.
Concerning the γγ final state, it has to be pointed out that the PS approach suffers for double counting. In fact, the photons generated by the PS are independent from the photons of the hard scattering process: if the PS photons are allowed to go inside the phase space region of the hard scattering ones, this leads to a double counting error. However, the error can be kept small if large angle photons are selected, because PS emits photons preferably collinear to initial-state e + and e − . In the version 3.5 of the program, also the π + π − (nγ) channel has been added. In this case, only ISR is simulated with the PS. With the PS approach, also the radiative π + π − γ event can be studied, which is extremely important for the R measurement via the radiative return method. The process was added only for cross-checking purposes, being the PHOKHARA MC event generator [17] much more accurate for π + π − γ. Nevertheless, the results of BABAYAGA are quite good. In figure 7 , the π + π − invariant mass distribution obtained by BABAYAGA is compared to the PHOKARA 1.0 distribution. The imposed cuts are √ s = 1.02 GeV, 55
• and E γ > 10 MeV.
Towards a new release of BABAYAGA
As discussed in the section 4, the main source of error in a PS approach comes from the missing O(α) non-log terms. It would be extremely useful to include them in the generator, in or- Figure 6 . Effect of multi-photon emission on the radiation energy distribution der to further reduce its theoretical error. In the measurements of the KLOE collaboration for the R ratio, the theoretical error in the luminosity is going to be the dominant one [3] . When trying to include the exact O(α) matrix element in the PS for exclusive event generation 1 , different merely technical problems arise (nega- tive weigths, higher-order not well under control, etc.). Work in this direction is in progress.
Here, we would like to show some preliminary results obtained with a new version of BABAYAGA, where part of the exact O(α) matrix element for Bhabha scattering is used.
Roughly, the idea is the following: the events are reweigthed for a (infrared-independent) factor which accounts for the difference between the exact and the PS soft-plus-virtual cross section. Radiative events should then be reweigthed with the exact O(α) radiative matrix element. At present, we did not succeed to perform exactly the latter step. Nevertheless, it is possible to find out from eq. 5 a weight factor which is much closer to the exact matrix element than what is implemented in BABAYAGA 3.5. The technical details will be discussed elsewhere.
It is worth stressing that this procedure is done at differential level and the order α expansion of the resulting cross section reproduces exactly the soft-plus-virtual cross section (σ α S+V ) of eq. 7 and "almost" exactly the hard photon term (σ α H ) of eq. 7.
In table 2, the cross section of LABSPV, BABAYAGA 3.5 and new version are compared. The applied cuts for the cross sections shown in the table are √ s = 1.02 GeV, 20
• < ϑ ± < 160 • or 55
• < ϑ ± < 125
• , E min ± > 0.408 GeV, maximum acollinearity ζ max = 10
• . In table 2, the vacuum polarization contributions have been switched off. The differences between the improved version of BABAYAGA and LABSPV are below the 0.1%.
Conclusions
The program BABAYAGA is a MC event generator for QED processes and π + π − final state at flavour factories. The QED radiative corrections are included by means of a Parton Shower. The theoretical accuracy of the approach is estimated to be at 0.5% for cross section calculation.
Some preliminary results have been presented of a new version of the generator, which is under development. In the next future, it will include also the exact O(α) matrix element and will improve the theoretical accuracy of the approach.
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